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INVESTIGATION OF WAVE PROCESSES
IN A THERMOELASTIC MICROPOLAR
SOLID BODY BY THE METHOD

OF THE THEORY OF CHARACTERISTICS

M. D. Martynenko®and S. M. Bosyakov” UDC 539.3

Consideration is given to an elastic medium with a finite time of relaxation of the heat flux; the egqua-
tions of motion of the medium are written in components of the tensors of force and couple stresses.
Using the general theory of characteristics the explicit formulas for determination of the velocities of
propagation of the discontinuity surfaces are obtained and the equations of the characteristic surfaces
are derived.

The issue of thermoelastic stresses in a micropolar isotropic medium has been considered by a num-
ber of authors [1-4]. The problem of the existence of nonstationary processes in such media is investigated
in [5, 6]. Below we anayze the propagation of discontinuity surfaces in a two-dimensional micropolar me-
dium with a finite time of relaxation of the heat flux in the context of the theory of characteristics of partia
differential equations. The expediency of such an approach is explained by the fact that the applications of
this method in specific divisions of the mechanics of continuous media are associated with overcoming sig-
nificant difficulties; therefore, its realization is of both theoretica and practical value.

The stressed-strained state of an elastic isotropic micropolar body is described by the tensors of force
and couple stresses of the following form [7]:

Oy = A& + (L +0) g+ (L —0) §,—V6, D

M = BOG O+ (Y +€) &y + (V=€) dik, @)

where g = Uk + &imbm IS the microstrain tensor, u = (up, Uy, ug) is the displacement vector, ¢ = (¢1, §2,
¢3) is the microrotation vector, g;qy is the Levi—Civita pseudotensor, & is the Kronecker tensor, e,, =
e tepteys and Omm = 11+ P2+ 33, i, k, m n=1,3. Let us substitute (1)—2) into the equations of
motion [7]

Okix + % =pU;, (3

Hiik + EimnOm *+ Y = jp(.l).i . (4)

Here X; and Y; are the mass forces and the body couples, j is the measure of rotary inertia, and i, k, m, n =
1, 3. We have [7]

®Belarusian State University, Minsk, Belarus; bBrest State Technical University, Brest, Belarus. Trans-
lated from Inzhenerno-Fizicheskii Zhurnal, Vol. 75, No. 1, pp. 32-36, January—February, 2002. Original arti-
cle submitted January 22, 2001; revision submitted June 15, 2001.

1062-0125/02/7501-0041$27.00 [12002 Plenum Publishing Corporation 41



(L +0) Ay + (A + 1= @) Uy + 20 &) + X = pU; +VO ®)

(Y+€) Ad; + (B +Y—€) Oy + 4agguy — 400; + Y, =jpd; . (6)

In order to write the last system in components of the tensors of force and couple stresses we differentiate
Egs. (5) and (6) with respect to x. We obtain

(M +0) Auj + (A + = 0) Uy + 205 By + X5 = pU; + VO, (7

(V+€) Ay + (B+Y—€) By + 40Eigth i — 4ad; + Y =ipd;; - ®)

Under conditions of plane strain, the micropolar elastic body is characterized by the following matri-
ces of the force- and couple-stress tensors [7]:

Moy, Ogp
0=0x Oy
Ho 0 oy

In this case, the components [7] 033, U3, and Pz, are calculated from the formulas
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Therefore, the system of equations of motion will include six equations relative to oj; and Wz, i, ] = 1, 2.

From (1), (2), and (4) we have
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Upon simple transformations, system (7) and (8) will take the form
(A +21) A (0yq + ) +2v (MAB = pB) + Xy 1 + X =P (O3 + )
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For this system to be closed we add the hyperbolic law of thermoelasticity to it, which for a two-di-
mensiona problem has the form [4, 8]

kA - Cv(é + Té) =B (T (E11+€5p) + €+ &) .

Applying relations (9) to the last equation, we obtain

0 ve,0.
kAe_%v+)\+ug(e+T ) 20\ (T (011 +0g) + Gy3 +0p) - (11)
We specify the initial data for system (10)—(11) on the surface Z(t, x;, Xo) = const and pass to new

variables according to the formulas [9, 10]

2
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We substitute relations (12) into Egs. (10)—(11) and write those terms that contain the partial derivatives of
second order in Z, since only they will be important in what follows [9, 10]. As a result we will have
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The equation of the characteristic surface Z(t, X1, X) = const will be obtained from the condition of unsolv-
0%cy; 07 2
b
0z 0Z 0Z
the condition that the determinant composed of the coefficients of these derivatives is equa to zero [9, 10]:

det loyll =0, (13)

ability of the last system of equations relative to the derivatives —- i,j =1, 2 i.e, from

where
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TABLE 1. Values of the Connectivity Coefficientsa and b

) Elastic constants, 10" N/m? Thermoelastic Connectivity coefficients
Material 3 >
A H constant v, 10° N/(m2[deg) a, N/(m“deg) b
Silver 8.108 3.378 5905.2 88955 0.0075
Lead 4.006 1.012 3980.6 92527 0.012
Molybdenum 18.880 12.280 4060.0 15500 0.00191
_av ( 2 3) __20v
0,7 A+ P1=P2), Wy —)\ﬂlplpzl

All the remaining wy, k and | = 1,7, are equa to zero. We note that the constants a and b determine the
conjugation of the thermal field and the strain field; b is of the order of 107%-10"%, while the congtant a is
approximately equal to 10°-10° N/(m?[deg) (Table 1 and [11, 12]). Therefore, the components wy; = —btpg, i
=1, 2, can be disregarded since b is smal and has the order of 10™*-10"* sec in the product with T (for
metals T ~ 107 sec [13]).

From (13), without taking account of wy, i = 1, 2, we obtain

2
+0) g - 2] +€) g° - jppad LA + 2u + o) g% - ppeke? - 1 (c, + &) peE=0.
u+a) o - ppeH Hy+€) o° - jppod HA + 20+ o) o° - ppoka” - T (6, + @) o

This yields the following velocities of propagation of the discontinuity surfaces V = —py/g [3, 9]:

_ +E _ a _ I+ a _ k
A A ey 9

Here V; is the velocity of propagation of the microrotation wave [14], V> and V3 are the velocities of propa
gation of the elastic waves, and V, is the velocity of the thermoelastic wave (heat wave accompanied by the
strain field). L

We expand the determinant (13), taking into account all the components wy, k and | = 1, 7. We ob-
tain

2 2|:|3 2 . 2|:|2 2 2 2 2 2 2 2 = 15
Hu+ ) g™ - ppo By +€) 0™~ ippod Rbrvig (g™ - ppo) + (kg™ — T (cy+a) po) (A +21) 9~ pp) = 0. (19)

From Eq. (15) for the velocities of propagation of the discontinuity surfaces we will have

+ e a 1
P1=V1=;7;jp , P2=V2=;7| - P34= EE—\iVAZ—4BE, (16)
where

A= pk =T (2vbp — (A +2) (c, + a)) gk +2w
pTCy ’ pe,

In formulas (16), the velocity P3 belongs to the elastic wave accompanied by the thermal field and the veloc-
ity P, belongs to the heat wave accompanied by the strain field. As follows from these formulas, the micro-
polar effects exert no influence on the propagation of thermoelastic waves and lead only to the appearance of
new types of waves (in our case, of the wave of microrotations) [14].
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TABLE 2. Vdues of the Ve acities of Propagation of Thermoelastic Waves

Material Ka/m? A c\,,3103 Velocities of elastic and thermoelastic waves, m/sec
i Wi/(mideg) J(m-(deg) V3 P3 V4 P4
Silver 10505 418 2454 3762 4321 4054 3593
Lead 11342 34.89 1458 2306 2407 1500 1482
Molybdenum 9010 162 2188 6944 6964 2712 2713
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Fig. 1. Velocities of the thermodastic wave P, and P3 vs. relaxation time
of the heat flux T: 1) silver; 2) lead; 3) molybdenum. P, m/sec; T, sec.

Let us calculate the velocities V, and Py, k = 3, 4, of propagation of the elastic and thermoelastic
waves in silver, lead, and molybdenum at the temperature 6, = 293 K (Table 2) (selection of these metals is
attributed to the different character of propagation of the waves).

As follows from Table 2, in silver, the mechanical and thermal fields are connected to a considerable
extent, i.e., a temperature change leads to significant strains and conversely. This can be judged from the
difference of the velocities P; and P, from the velocities V3 and V, in value. In molybdenum, P; = V3 and
P4 = V,, i.e, the effects of connectivity of the strain and temperature fields are absent, in practice. The case
where the velocity P3 of the thermoelastic wave virtually coincides with the velocity of the elastic wave is
intermediate; the differences manifest themselves in the veocities V, and P..

We note that in the above calculations the relaxation time of the heat flux T has been taken to be
1007 sec [13], whereas for the metals the exact values of T have not been determined and sometimes one
takes T to be 0510 sec [15]. Formulas (14) and (16) for V, and Py, k = 3, 4, make it possible to investi-
gate the influence of the relaxation time of the heat flux on the velocity of propagation of the thermoelectric
waves. Thus, the functions of the velocities of propagation of the thermoelastic waves V4(T) are anaogous for
all the materials and represent the dependences V, = Kf(T), where f(T) = VI/T and K is a coefficient depend-
ent on the mechanical and thermal properties of the material; for T — 0 we have f(1) >>K. Therefore, as the
relaxation time of the heat flux decreases the velocity V3 tends to infinity. With account for the effect of
connectivity of the thermal and strain fields the dependence of the velocity of the thermoelastic wave Py(T)
can significantly differ from V4(1). Thus, for example, in silver, the velocity P, virtually remains constant
throughout the interval of change of the time t from O to 1001 sec, whereas in lead and molybdenum the
velocities P, increase and differ from V, only for T ~ 107 sec, as the calculation shows (see Fig. 1). When
T — 0 the velocity P, tends to a finite limit and the velocity P3 — o, which can be interpreted as passage
from the generalized theory of heat conduction to a classical theory in which one takes T to be 0 [16] (see
Fig. 1).
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By using Eq. (15) we can easily obtain the equations of bicharacteristics which form the characteristic
surface and are the components of the group velocity of propagation of the wave. To do this, for example,
we express pg as follows:

+ €

ip

Po=9
The equations of bicharacteristics will take the form [9, 10]
dx, _dpy pkvw €
d dp, 9 ip
orat=1

xkz%V% = cosakV% :

where cos 0 is the direction cosine of the normal to the characteristic surface, k = 1, 2 [9, 10]. Then the
equation of the surface, formed by the bicharacteristics, upon obvious transformations will take the form

Cxi=Y"E
1=

Anaogously we can derive the surfaces of bicharacteristics for expressions (15) and (16). The set of all the
bicharacteristics will compose the characteristic surface Z(t, X1, X;) = const.

Consideration of the three-dimensional case does not introduce fundamenta difficulties and can be
performed according to the scheme developed above.
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